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PHENOMENOLOGICAL DESCRIPTION OF TWO-VELOCITY
MEDIA WITH RELAXING TANGENTIAL STRESSES

V. N. Dorovskii and Yu. V. Perepechko UnC 530.1

Tangential stresses are generated and subsequently relax during the filtration process
of high-temperature solutions (or melts) through an enclosing island. The stresses generated
as well as their relaxation dynamics start determining, in turn, the filtration mechanics of
the fluid phase leading to a self-contained interaction process of the continua under consi-
deration.

The concept of effective elastic deformation was suggested in [1] to describe the relaxa-
tion of tangential stresses is a viscoelastic medium. By introducing it the authors succeeded
in generalizing the Maxwell relaxation model to the case of substantial medium deformation.
This is one of the principal approaches in nonlinear filtration theory. The generalization
of the Maxwell model to filtration media within the approximations of small deformations and
low velocities of the filtering fluid was investigated numerous times in the literature (see,
for example, [2]). To the best of the authors' knowledge, the extension of the Maxwell model
to the case of nonlinear island deformation and high fluid filtration rates is not available
in the literature. )

Under conditions of filtration of a viscous fluid through viscoelastic medium the
effective elastic deformation must be introduced somewhat differently than was done in [1].
A theory using the concept of effective elastic deformation must be compatible with general
physical requirements: conservation laws and the Galileo relativity principle.

Below we obtain a system of differential equations, describing the relaxation of tangen-
tial stresses of a viscoelastic island during its self-consistent interaction with a filter-
ing viscous fluid. The necessary requirement on the initial deformation of the state of the
medium is established. The system of equations describes both compact and noncompact two-
velocity continua.

For a basis of the general theory one must construct a formalism of elastic interaction
of the island with the filtering fluid in the reversible hydrodynamic approximation. To
describe the filtration process within the continuum approach we introduce two velocity
fields: w — the velocity of motion of an elastic continuum with particle density p,, and
v — the velocity of motion of a fluid with partial density p,, filtering through the elastic
continuum. Two such mutually penetrable continua can interact through a friction force f,
which is not present in the reversible approximation, and a reaction force being in hydro-
dynamics proportional to gradients of thermodynamic quantities. Besides, the set of two
continua is a hydrodynamic system for which conservation laws are valid, being in the case
of reversible motion
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aplot + div j = 0, 8j,/9t + y,IL;; = 0, (1)
a8/t 4+ div F = 0, 0E/dt + div Q = 0.

Here the extensive quantities refer to a unit volume: p is the density of the continuum
aggregate, j is the momentum, IIj; is the tensor of momentum flux, F is the generating en-
tropy flux, Q is the reversible energy flux, E is the energy, S is the entropy, and T is
the temperature.

The equations of motion of a filtering fluid are taken in a form generalizing the Euler
equations and compatible with the conditions of thermodynamic equilibrium p = const, T =
const, u = v = 0 for the composite hydrodynamic system

avidt + (v, V)V = —yp — ayQ, (2)

where aVQ is the density of bulk forces, and u is the chemical potential. In the following
Egs. (1), (2) are supplemented to form a complete system of equations.

The system (1), (2) is redetermined since the energy conservation law is not independent
in hydrodynamics. The result of compatibility of the system of equations is to obtain j,
Iij, F, Q, 92, as well as the relations between them. A constructive mechanism of this
approach is the Galileo relativity principle [3]. Indeed, we transform to a coordinate
system in which the fluid phase is at rest. The physical quantities referring to this
system are denoted by the subscript zero. In this case we have [3]

E = pv¥2 + (v, §p) + Eo, 1= 0V + o (3)
In the selected reference system j, = p,(u ~ v), while the first law of thermodynamics is
dEy = TdS -I- pdp -+ (0 — v, dj,) + (1/2),pdg*P (4)

(g*B is the metric deformation tensor, and hyg is the "stress' tensor). The third term in

(4) reflects the presence of motion in the continuum element and is impossible to remove by
the selected system of reference. The last term takes into account the energy of elastic
deformation. We note that the true stress tensor is found from the expression

— Gip = pbip + hog 6?82-

Describing the thermodynamic state of the continuum element by the variables S, p, g®P
in a reference system attached to the resting fluid particles, we allow the presence of
relative motion in the selected continuum element, which at the same time is described by an
additional thermodynamic variable — the relative momentum j,. Thus, we have a locally non-
equilibrium thermodynamic system with relaxing degrees of freedom, for which one can select
the components of §,. According to Leontovich Eq. (4) determines the locally nonequilibrium
entropy as a function of system energy, external parameters, and relaxing degrees of free-
dom (&5 » jo,i) [4]:

It is precisely in this sense that (4) must be understood.

Differentiating the first of relations (3) with respect to time, with account of (4)
we obtain the rate of energy change as a function of spatial derivatives of thermodynamic
quantities:

oE »? ap a8 . 8 3j
7)7=<P+.—2-—(U7V)>W+T7+<J——pu,-5‘;—)+(u.~l%)+ (5)
1 agaﬁ
+_2‘haﬂ_5t—.

The last derivative can be expressed in terms of the local n-hedral {e®*}, characterizing the
deformation state: gO@B = (&%, eB), whose vectors satisfy the system of dynamic equations

[5]
dex/ot + y(u, ex) = 0. (6)
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Replacing in (5) the time derivatives, and collecting then the spatial derivatives under
the divergence sign, we reach the energy conservation law

0E/6t + div (Ip -+ v¥2 + ST/plj + u(u, jo) + kgpe(ef, u)) = 0,

thus determining Q. At the same time we find F = (S/p)j, p = p, + p,, @ = —Slp, Q@ = T, Uy = pviva+
Joxls + urjo; + pOm +-hamfe£ as conditions of representing the energy conservation law in

divergence form. The procedure of transforming the spatial derivatives under the divergence
sign is discussed in [5] quite in detail.

The pressure is given in the standard way: p = -E; + TS + up + (u — v, §,), which
together with (4) makes it possible to write down the Gibbs—Duhem identity
dp = pdp + SdT + jed(u — v)— (1/2)h,pdgeP. (7)

To sum up, with account of (6) the equation of motion (2) acquires the form [6]

9 1 p 1 8
G H(MV)Y = — =YD + 5 (0 — V) — 55 hapve®. (8)

Equations (1), (6), (8) with the inverse fluxes found j, Mg, F and the given equation of
state E, = Eo(p, S, Jo, g®B) describe completely reversible filtration in the isotropic sys-
tem under consideration. We note that it is not necessary to supplement the system of equa-
tions by the conservation law 8p,/ot + div(p; w) = 0, since, if p, ~ 1/Vg (g = det(gqp)

according to nonlinear elasticity theory [1] the "conservation'" of the solid component is
a consequence of system (6). For j, = 0 the partial densities p; and p, are easily related
to the volume fraction x of the fluid component (with kyg = 0):

P=p1+0,=0{(1—2)+ plz,
where of, pg are the physical densities of the components. The kinetic corrections to
py and p,, related to j, # 0 within the quadratic approximation, are easily found by using

identity (7) and a relation introducing the bulk fraction of the fluid component, similarly
to (3).

The system of nonlinear hydrodynamic equations (1), (6), (8) describes, within the
reversible approximation, filtration for arbitrary velocity values in the elastically de-
formed island. Omitting in (4) the energy of elastic deformations, i.e., making the compo-
nents hydrodynamically uniform in the system (1), (6), (8), then the pair of equations and
the momentum conservation law of system (1) is replaced by the equivalent system

v 1 o
GtV =——vp v,
du 1 b,

T T Vu=—ryp— Ly — V)

One easily notes the limiting transition to the single-velocity continuum for u -+ v:
av/ot + (v, y)v = —(1/p)yp.

As could be expected, when the component motion is controlled by hydrodynamically uniform
equations, the limiting transition u > v to the Euler equation is implemented. We note the
problematic feature of this limiting transition even in the equations of linear filtration
theory (see, for example, [7, p. 240]).

The equations provided of nonlinear filtration theory, obtained by well-known continuum
methods, are widely used in two-velocity hydrodynamics of superfluid helium [3]. The
methodology of deriving the equations of motion differs from that of averaging methods (see,
for example, [8]) and has, it seems to us, a more general character. In studies related to
averaging methods one puts

E = Ey + ou¥2 + Ey, + pv%2,

where Eo,1 and E, , is the internal energy of components, being independent of u, v. In
other words, interaction forces are not being considered. In the general case one cannot
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select a reference system in which one could eliminate the relative motion of components,
implying that the energy of the whole system cannot be divided into internal and kinetic.
Separating the same energy into two parts, interaction forces, which in the reversible
approximation are reduced to d'Alembert reaction forces [9], are omitted from the treatment,
which distinguishes our theory substantially from the corresponding constructions of other
authors. As a consequence of this simplification in the equations of motion the terms
(p,/20) a(w —v¥)2, (p,/2p) A(w — ¥V )? vanish, and problems arise of the limiting transition to
a single-velocity continuum (even within the linear approximation). At the same time we note
that the supplementary terms in the equations of motion are quadratic in velocity, along

with the terms (v, V)v and (uw, V)u. Therefore, their simultaneous presence in the equations
of motion is of principal importance. This is a substantial difference between the system
obtained and the system of linear equations derived, for example, in [10]. As will be shown
below, dissipative forces are obtained within the irreversible approximation according to the
general principles of thermodynamics of irreversible processes. Their shape does not require
any additional assumptions, unlike studies in filtration theory, based on the averaging of
"microscopic" equations of motion.

Before turning to describe hydrodynamic relaxation with entropy production, Eq. (6)
is given in the reversible case in equivalent form, making it possible to generalize
to the case of irreversible motion. According to (6), curl €* =0 qraieﬂ - Bke% = 0. The

last relation is conveniently "convoluted'" with velocity u and combined with (6). As a
result we reach an equation equivalent to the reversible approximation (6):

9ef/0t + 9; (wpefl) = Kour
(K‘;k = Bieﬁ - Bke%). In the general case the irreversible approximation is not compatible
with the requirement curl e% = 0.
Irreversible thermodynamic relaxation can be described by supplementing the reversible
fluxes with the corresponding irreversible fluxes and introducing the required sources, whose
shape is determined later:

3%/ 0t + 9; (urel + quelr) = e + Ko (un + 1) (9)
dji/ot + 5;;(“1‘!« + a4 ﬂg?) = (10)

2 (st g)= 2 (11)

aplat - div j == 0; (12)

aviat -+ (v, )V = —v( + ) — (S/p)v T + (13)
AE/dt -+ div (Q + W) = 0. (14)

Here @, %, /T, W are irreversible vector fluxes ¥iy, ﬂgﬁ’v) are irreversible tensor fluxes,

h is a scalar flux, [ is the force of intercomponent friction, and R is the dissipative func-
tion.

We note that Eq. (9) has no solution of the form e? = aiFa. Solutions of Eq. (9) by
means of the relations gULB = (e2, e¥) form the tensor of effective elastic deformations [1].

The energy conservation law (14) must follow identically from the system (9)-(13). As a re-
sult, all irreversible fluxes must be found uniquely. For this it is necessary to repeat the
consistency algorithm of the system of equations discussed above. At the phase of separating
reversible fluxes we reach

, \ _
2 L div([p + gt S—f-]] +ulu ) + ;,aﬂea(ea,u)) —R— (15)

— 7 aiv () — widh (nff? + 2) + (G — pu) (F— yh) +

1 ag*®
+ 5 hap (% + (u,y) g"f‘) 4 hogelelou;.
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The last structure consisting of the two terms in (15) can be calculated by using the defini-
tion of the metric tensor and {9):

af
“33“ hap a‘gé‘t‘ + *3‘ hop (0, V) g2F = hapelel (i — Oittn — Oupn) + Yahopel K —

— (Phhaﬁegaieg-

Taking g = det (ggg), then 1//g is conveniently related to the partial density o, ~ 1/Vg

of the viscoelastic continuum [1]. Since dg = —g gaBdgaB, then
9py/0t - div (py(u - @)) = py(8;, —
— (€a)i(eM) (09 + dsun) + Linlea)i(es.
Here the tensor Ly is defined by the expression
Line? == Paneir + K (4r — @r)-
The relations derived transform the right hand side of Eq. (15):
%Z +divQ = R — T div (%) — wiBym) — vidniy) +
+ (1t 5o ) Ui pu) — = o) 9ih — 0s (haelel n) + hogefeb L +

+ qi(ebay (Raped) + haﬁeg’Kﬁ).

Keeping in mind the two conditions (in the limit w - v and for g% = 0 the theory must lead

to the Navier—Stokes equations; phenomenological account of relaxation of tangential stresses

leads to the nonlinear generalization of the Maxwell relaxation model), we obtain an expres-
sion for the irreversible part of the energy flux

JE ot + div (Q + q+ A(j—ou) + n(i}i)uh + nﬁ?vk + hage?egcph) =0,

The dissipation function acquires the following form under these conditions

— R = 207+ (o4 0 G o)+ 04 (00 (hage) + hagel5) +

- /locfjeiaegLik + ﬂgg)akui + ﬂg/?dhvi + hdiv(j — pu).

In the fluxes Lj, 17(‘}12, ﬂ(YIZ it is convenient to separate the diagcnal parts
i i
i) = Ap + b, w8 = Bix + bdin, Lin = Lip + L.
The notations introduced lead to the expression
q DAV
—R = Th T + (f; + _pi_ ahn,gk))(]i — ous) + @ (eb0n (hagel) + hapel K ) +
2

+ adivu + bdivv+-hdiv(j—pu) +3LAy + —,—i—Aik <6kui + dup ——g— 8fkdivu>+
2 .
+ —i;— B (5hl’i + Op — -8 div V) + Liy (efefHop).

Here hyg = Hyg + gth\\j. For scalar fluxes and forces we have the linear thermodynamic
relations

—a =Gy dive + §y, div v + Ly div (i — pu) + Luhis

— b ="Cpdivu + Ly div v + Ly div(j — pu) + Lahd,

—h= gy divu + Ly div Y + Loy div (j — pu) + Zeghl,

— L =8, divu + §up div v + Ly, div(j — pu) + Eyhy.
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To reveal the physical meaning of the flux L we calculate (ea)ieﬁ. We first show that the
object e;® can be selected so as to satisfy (ey)jef = 8ik. Let Ryy = gaﬁegeﬁ. Differentiat-
ing Rix with respect to time, we obtain

OR, : af de %
ih ag e de
3t (ea)i (eﬁ)h'w + (ea)h —5‘;‘ + (ea)i—ﬁ.

Using the equations for the corresponding derivatives gives

IR /0t = (HkvLiv + _Rithv - 2HikauLvu) + (Rithu + Rip,th - th',(Siv -
— Riydny) (avuu + 0vepp) + (v + @) ((ea avey (Riy — 83) +
| + (ea)i 9y (Ruw — Bn))-

The equation obtained for an arbitrary moment of time has the solution
Ry, = (eq)i € = 8ino- (16)

It is necessary to require that condition (16) be satisfied at the initial moment of time.
This is not difficult to do by assuming that the initial deformation state of the medium by
continuous deformation of the metric in Euclidean space. It must be noted that inthe pre-
sence of fluxes ¢, Vi) the metric g8 is generally speaking, non-Euclidean. The choice

Rix = 8jk leads to the continuity equation 8p,/dt + div(p,(u + @)) = 3p,L. Thus, the scalar
flux L describes the behavior of so-called noncompact bodies [1], whose irreversible deforma-
tion leads to the disappearance of cavities contained in them initially. For compact bodies
it is necessary to put C;, = 024 = T3y = Guy = 0. For vector fluxes and forces we have the
relations of linear thermodynamics of irreversible processes

— i = &y (UT)0:T + ey (s — pus) + o5 ( 80y (Ragel) + hagebKS),
1. o 1 .
o2 0w + oy 7 04T+ 0ty (i — pU3) + gy (895 (el ) + hopefK ),

— Qi = g (1/T) 0:T + o5y (s — pus) +“33(egah (haﬂeg) + haﬁegng)-

—fi=

In the absence of an irreversible flux @: it is necessary to put wziy = 0. Finally, the ten-

sor fluxes Ajyx, Bjks Lijk, characterizing irreversible deformation, are expressed in terms of
their corresponding thermodynamic forces:

— Aip = Ny (Ontes + un — (2/3) 8 div u) + 1y, (Onv; + divp —
— (2/3) 83, div v) 4 nygefel Hop,

— Bip = Mgy (Ontts + Otr — (2:3) 83, div u) + My, (Fpvs + 050 —
_ — (2/3) 835 div V) + NyefelH o,

— L}, = Na1 (Ortts + Oty — (2/3) 83 divw) + Myy (Onv; + ditp —
— (2/3) 8ix div V) + NypefebH op.

Thus, we reach the equations of motion

a]:i/at + On (pyitty + PV + POin + hogelel + Aip + B +adin+bdy) = 0, (17)
a8/at 4 div (Sj/p + q/T) = R/T, dplat + divj = 0, ’

9v; 1 Py o 1
7t T Vvi=—gdp+ 2_61)61(‘1_ Vi ﬂhaﬂaigaﬁ — 8ih —
1 .
— 5 O (B + b8ir) — gy 77 04T — oty (s — pus) —
2

— Qo (e%@k(haﬁe%) + haBeEKf,;),
08?/015 + ai(ukeg + (pke%) = thez -+ K%{ (uh -+ q)h) + Le?,
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which, including the equation of state Eq = E,(p, S, iy, gas), form a closed system, describ-
ing the filtration process of a viscous fluid through a viscoelastic medium. Following the
method of [11], it is not difficult to obtain the linear version of the relaxation model.

The phenomenologically constructed model describes the relaxation of tangential stresses in
the island, through which filtration of the Newtonian fluid occurs. The theory is based on
general physical principles in which case the Darcy relation is not used, unlike the widely
used approach of [2]. This makes it possible to subsequently include nonlinear effects of
filtration theory for arbitrary values of hydrodynamic velocities.

The approach used has made it possible to reveal the phenomenological nature of Darcy's
relation, which, in turn, follows from system (17) by omitting inertial nonlinear terms in
the velocity, as well as all kinetic coefficients besides a,,. We reach the system of
equations

0, (pdin + haﬁegeg) =0,

g‘aip + %]Zaﬁaigas + av; = 0, div{p,v) = 0,

describing the interaction of the field v with the stress field haB in the absence of motion
of the solid component. We note that the approach developed can be generalized to the case
in which the filtering fluid manifests properties of a Maxwellian body. To describe then the
fluid phase it is necessary to follow the approach adopted in this study for describing a
viscoelastic island. Obtaining the original equations is not difficult when adopting our
approach. The study of filtration systems, in which the very filtering fluid manifests
properties different than a Newtonian fluid, is of decisive value in petroleum technology

at the present time [12]. The approach developed becomes interesting for this class of prob-
lems, since Darcy's relation is not used in it.
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